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The  s t r e s s  c o n c e n t r a t i o n  n e a r  the  apex of  a c r a c k  in a t r a n s v e r s e  f i e ld  of s i m p l e  t e n s i o n  has  a l r e a d y  
been  the  o b j e c t  of i n v e s t i g a t i o n s  w i th in  the  f r a m e w o r k  of c o u p l e - s t r e s s  e l a s t i c i t y  t h e o r y  [1-5] .  I t  fo l lows f r o m  
[1-3] tha t  the  p r e s e n c e  of  c o u p l e - s t r e s s e s  r e s u l t s  in a r i s e  in the  s t r e s s  c o n c e n t r a t i o n  n e a r  the  c r a c k  apex.  
Th i s  r e s u l t  " c o n t r a d i c t s "  the  r e d u c i n g  e f f ec t  of c o u p l e - s t r e s s e s  in the  known p r o b l e m  about  the  s t r e s s  c o n c e n -  
t r a t i o n  n e a r  a c i r c u l a r  ho le  in a t e n s i l e  f ie ld .  It is  s a i d  in [4] t ha t  the  p r e s e n c e  of  coup le  s t r e s s e s  does  not 
i n f luence  the  m a g n i t u d e  of  the  s t r e s s - i n t e n s i t y  f a c t o r ,  and the s t r e s s  c o n c e n t r a t i o n  n e a r  an e l l i p t i c a l  ho le  in  a 
f i e ld  of s i m p l e  t e n s i o n  is  c o n s i d e r e d  in [5]. T h e r e  r e s u l t s  f r o m  an a n a l y s i s  of th is  p a p e r  tha t  the  s t r e s s  c o n -  
c e n t r a t i o n  d i m i n i s h e s  wi th  the  i n c r e a s e  in a new e l a s t i c  c o n s t a n t  of the  m a t e r i a l  l i n t r o d u c e d  by the c o u p l e -  
s t r e s s  t h e o r y  of  e l a s t i c i t y .  

E x p e r i m e n t a l  p a p e r s  in which  the  e f fec t  of the  in f luence  of c o u p l e - s t r e s s e s  on the  s t r e s s  c o n c e n t r a t i o n  
n e a r  a c r a c k  would  be  c l a r i f i e d  a r e  s t i l l  n o n e x i s t e n t  judg ing  by the  l i t e r a t u r e .  

Th is  p a p e r  is  devo t ed  to a c l a r i f i c a t i o n  of the  e f fec t  of the  in f luence  of coup le  s t r e s s e s  on s t r e s s  c o n c e n -  
t r a t i o n  n e a r  a c r a c k ,  both  a n a l y t i c a l l y  and e x p e r i m e n t a l l y  by the  me thod  of  p h o t o e l a s t i c i t y .  

~1. The  s t r e s s  c o n c e n t r a t i o n  n e a r  the  apex of  a c r a c k  in a t r a n s v e r s e  f i e ld  of  s i m p l e  t e n s i o n  i s  c o n s i d -  
e r e d  in a c o o r d i n a t e  s y s t e m  (Fig.  1). 

It is  u se fu l  to i n t r o d u c e  the s u m  of n o r m a l  s t r e s s e s  ( invar iant )  into c o n s i d e r a t i o n ,  t h i s  s u m  hav ing  the  
s a m e  va lue  in  c l a s s i c a l  and c o u p l e - s t r e s s  t h e o r y  and be ing  d e v e l o p e d  f r o m  the  s o l u t i o n  of  t he  D i r i c h l e t  p r o b -  
l e m  [6, 7], in  o r d e r  to  d e t e r m i n e t h e  s t r e s s - i n t e n s i t y  f a c t o r  b y  m e a n s  of  c o u p l e - s t r e s s  e l a s t i c i t y  t h e o r y .  It fo l lows 
f r o m  the  e x p r e s s i o n  for  the  s t r e s s e s  [8] tha t  

~ §  ~,j = k(2 )')t '~cos(0/2), (1.1) 

w h e r e  k is  the  s t r e s s - i n t e n s i t y  f a c to r .  

Le t  us i n t r o d u c e  the  c o m p l e x  v a r i a b l e  z = x + iy = z 1 + r e  0i, w h e r e  z~ is a quan t i t y  c h a r a c t e r i z i n g  the  
p o s i t i o n  of the  c r a c k  apex.  Then  (1.1) can  be  w r i t t e n  in  the  f o r m  

I / 2 \1/21 
~: + ~ ,  = ne[k[ ._- :~)  j. (1.2) 

Let  us app ly  the  c o m p l e x  v a r i a b l e  method .  A c c o r d i n g  to  [6, 7], t he  d e p e n d e n c e  b e t w e e n  the  l e f t  s i d e  of  
(1.2) and the  s t r e s s  func t ions  has  the  f o r m  

(i~-~- (~ = 4Re lcp'(z) ]. (1.3) 

C o m p a r i n g  (1.2) and (1.3) and keep ing  in mind  tha t  (1.2) is  va l id  only for  v a l u e s  of  z n e a r  z l ,  we  ob t a in  the  e x -  
p r e s s i o n  fo r  k in the  f o r m  

k = 2 |F21im(z - -  z~)'/2(p'(z). (1.4) 
Z-~$1 

It is  s e e n  f r o m  (1.4) tha t  the  s t r e s s - i n t e n s i t y  f a c t o r s  k a r e  d e t e r m i n e d  s u f f i c i e n t l y  s i m p l y  i f  only  the  func t ion  
Z' (z) is  known n e a r  the  c r a c k  apex.  
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It  is  e x p e d i e n t  t o u s e  c o n f o r m a l  m a p p i n g  in  t h i s  p r o b l e m .  Le t  z = w(~); t hen  

~ '  (")  = ~ 7 7  - ~-~5 '  

The  po in t  z t c o r r e s p o n d i n g  to t he  c r a c k  a p e x  on the  z p l a n e  h e n c e  goes  o v e r  in to  the  po in t  ~ on the  ~ p lane .  
The  e x p r e s s i o n  (1.4) b e c o m e s  

~' (;) 
k -~ 2 I f 2  lira [co (~) - -  co (;~)]u2 ~' (;). (1.5) 

Le t  us t a k e  the  m a p p i n g  z = aJ(~) = ( a / 2 ) ( ~  - 1 / ~ )  wh ich  c o n v e r t s  a s t r a i g h t  c r a c k  of l ength  2a a long  the  
x ax i s  c e n t r a l l y  l o c a t e d  r e l a t i v e  to  the  o r i g i n  in  the  z p l a n e  into a c i r c u l a r  ho le  of uni t  r a d i u s  in the  ~ p lane .  
The  po in t  z = a c o r r e s p o n d i n g  to  the  c r a c k  apex  h e n c e  goes  o v e r  into the  po in t  ~ = 1 in the  ~ p lane .  The  e x -  
p r e s s i o n  (1.5) i s  c o n v e r t e d  t a k i n g  into  a c c o u n t  t ha t  go'(~) on the  c i r c u l a r  b o u n d a r y  has  no s i n g u l a r i t y  at  ~ = 1 

and b e c o m e s  
2 , , , .  [ 

k = ~ ~ ~-) I (1.6) 

The  b o u n d a r y  cond i t i ons  of  the  p r o b l e m  a t  in f in i ty  a r e  a(,oo) = P, ax(OO) (oo) (~) = r~:y = Tyx ~ u, wh i l e  the  c o u p l e -  
s t r e s s e s  t a k i n g  accoun t  of the  r e l a t i o n  b e t w e e n  the  m o m e n t s  aYnd the  f o r c e  s t r e s s e s  [7] equal  

p~oo) = ~y (~) ---- O. 

The  b o u n d a r y  cond i t i ons  on the  uni t  c i r c l e  t = e i0 a r e  

O" r -  irro = O, ~r = O. (1.7) 

A f t e r  the  t r a n s f o r m a t i o n  o f  v a r i a b l e s ,  the  b o u n d a r y  cond i t i ons  (1.7) a c q u i r e  the  f o r m  

co'(t)%(t) -[- o)(t)~'(t) + co'(t)~(t) + S(l - -  ~)l"-~"(t) - -  2 i O H / ~  = O, 

Re{( i / t ) [8( l  - -  v)l"tp"(t) - -  2i0H/ff[]} = O, 

w h e r e  go, r H a r e  t h e  K o l o s o v - M u s k h e l i s h v i l i - M i n d l i n  p o t e n t i a l s  [7]; v is  the  P o i s s o n  r a t i o ;  and l is  a new 

e l a s t i c  c o n s t a n t  i n t r o d u c e d  by c o u p l e - s t r e s s  t h e o r y .  

The  d e s i r e d  s t r e s s  func t ion  go(~) i s  w r i t t e n  in  the  f o r m  

c~(~) = (pa/8)(~ - -  3/r~), 

ea (t - ~) K1 ( ~ m )  ( z ~' w h e r e  F = I + Kt (a/2t)4-K3(a/~)~-~-/ ; K 1 ( a / 2 l )  and  K 3 ( a / 2 l )  a r e  m o d i f i e d  B e s s e !  func t ions  of the  s e c o n d  kind 

( M acDona ld  func t ions ) .  

U s i n g  the  e x p r e s s i o n  (1.6) to  e s t i m a t e  s t r e s s  c o n c e n t r a t i o n ,  we  ob t a in  

k = ( p V a / 4 ) ( i  + 3/F). (1.8) 

L e t  us  a n a l y z e  (1.8). I n t h e  l i m i t  e a s e  [l = 0, F = 1, t he  po in t  k = (p~-a-/4)(1 + 3) = p ~ ]  we  ob ta in  the  
c l a s s i c a l  s o l u t i o n  [8]. The  q u a n t i t y  l i n c r e a s e s  w i th  t he  g r o w t h  of F and the  s t r e s s - i n t e n s i t y  f a c t o r  k d i m i n -  
i s h e s .  In t he  l i m i t  c a s e  l - -  oo; then  k = p ~ - / 4 .  T h e  change  k / ~ - a  -= (p /4 ) (1  + 3 / F )  as  a func t ion  of the  r a t i o  
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a/l is shown in Fig. 2 for v~ues of the Poisscn ratio v = 0 and 0.3 (curves 1 and 2, respectively). 

w As is known, the couple-stress theory of elasticity yields the most perceptible corrections to the 
solutions of classical elasticity theory for those problems in which the stress state has large gradients. 

Among this class of problems is indeed the desired problem of the stress concentration near a crack 
apex. The fornmlation of the experiment and its idea are based on examining the stress concentration near a 
crack of different length in a stretched strip. 

A polarization optical method at room temperature was used to determine the stress concentration. The 
strip specimens were fabricated from ED-6 epoxy resin of 1.5 + 2.2 mm thickness. Cracks of different length 
were cut into the specimens by a sharp knife at the temperature of the highly elastic state (on the order of 
I00-120~ The cracks were separated from each other and from the strip edges by a sufficiently large 
spacing so as to realize a uniformly stretched field far from the crack. The origination of stresses was not 
allowed under mechanical treatment. The loading unit (a press constructed specially for these tests) can be 

mounted on the KSP-7 and PPU-7 polarization optical apparatuses (fabricated by A. A. Zhdanov Leningrad 
State University) for the investigations. 

Purely tensile forces were chosen so that the specimens would have sufficient maximal stresses while 
remaining in the elastic stage of operation; the limit of proportionality of the material was 550 kg/cm 2, the 
elastic modulus was 40,000 kg/cm 2, and the Poisson ratio was v = 0.40. Upon selecting the tensile forces, the 
strain was checked by a stepwise rise in the load with a 30-rain hold at the end of each step. The specimen 
was checked as soon as the influence of creep became noticeable. The loading was cut off in the greatest strain 
was not more than 60% of the proportionality limit corresponding to the strain. 

Near the crack apex the normal stress ay is expressed as 

ey = ~r r  cos I + sin T sin . (2.1) 

The s t r e s s - in t ens i t y  fac tor  can be de termined  in t e rms  of Zy for G = 0 f rom (2.1), i .e. ,  

k = lim ~g ]r~. (2.2) 
r-~0 

The quantity ~y in the expression (2.2) is a function of r. For cracks with a small, but nonzero apex 
radius, the stresses will be finite for r = 0 and the expression (2.1) will not be satisfied. However, near the 
crack apex itself the stresses can be approximated by the expression (2. I) (see [8], for example}. 

Near the crack apex ffymax can be evaluated from the maximum order of the interference h:inges nmax 
by using the fundamental law of photoelasticity in the form ~ymax = Cnmax, where C is a constant of the speci- 
men material of given thickness. 

A specimen having several cracks of different lengths was tested according to the comparative method 
of this investigation. The stress-intensity factors determined experimentally for any two cracks i and j were 
hence connected by the relationship 

k~ex p/klex p = A(nmax)i/ A(nmax)l, 

where  A(nma x) is an increment  on the o rder  of the i soehrome on the contour of the c rack  apex corresponding  
to the increment  in the applied load. 

The high accuracy  of this compara t ive  method, which the author applied in investigating the s t r e s s  con-  
centra t ion near  a hole and an inhomogeneity [9], consis ts  in using the ratio A(nmax)i/A(nmax)j ,  whereupon the 
e r r o r s  due to edge effects,  extrapolation, and other  fac tors  can be reduced to a minimum. 

The difference in the increments of maximum order of the isochromes for cracks of different lengths 

was found by graphical extrapolation using circular polarization in an enlarged image of the interference 
fringes. An optical comparator was used to determine the position of the orders and the boundary observa- 
tions. Mainly monochromatic light with wavelength 546.1 Izm was used. 

As a result of the experimental investigation, a dependence of the stress-intensity factor kexp on the 
crack half-length a has been constructed in dimensionless form for the same strip material (Fig. 3). It is 
seen from an examination of the experimental curve that kexp diminishes with the diminution of the crack 
length, where the change is not proportional to ~a, as is the result from classical theory. 
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C O M P R E S S I V E  S T R E N G T H  O F  M A T E R I A L S  

M. M. M u z d a k b a e v  a n d  V. S. N i k i f o r o v s k i i  UDC 539.4 

A s ta te  of c o m p r e s s i o n  in m a t e r i a l ,  r ocks ,  machine  p a r t s ,  and s t ruc tu ra l  e lements  is evidently ve ry  
common.  As a m e a s u r e  of this s ta te ,  the concept  of uniaxial  c o m p r e s s i v e  s t reng th  was in t roduced  and con-  
s ide red  as a fundamental  c h a r a c t e r i s t i c  of the ma te r i a l .  One might  also suppose that  a ma t e r i a l  is f r ac tu red  
when the m a x i m u m  tangential  s t r e s s  r eaches  the b reak ing  point, which turns  out to be half  as l a rge  as the 
c o m p r e s s i v e  s t rength.  It should be noted that  the c o m p r e s s i v e  s t rength  depends r a the r  s t rongly  on many fac -  
t o r s ,  including the shape  of the s am p l e ,  its d imensions  and volume,  and end conditions [1, 2]. E x p e r i m e n t e r s  
long ago concluded that  the uniaxial  c o m p r e s s i v e  s t r eng th  is not a c h a r a c t e r i s t i c  of the m a t e r i a l  [3, 4]. Actu-  
al ly,  the desc r ip t ion  of the f r ac tu re  pa t t e rns  of  s amp le s  r e co rded  so fa r  [2, 3, 5] with the fo rmat ion  of oblique 
f r a c t u r e  su r f aces  or  su r f aces  of discontinuity by a coaxial  c o m p r e s s i v e  load can m o r e  probably  be  re la ted  to 
the shea r  or  t ens i l e  s t r e s s e s  than to the c o m p r e s s i v e  load. In addition, exper imenta l  and theore t ica l  s tudies 
have shown that  in t e s t s  which at f i r s t  g lance s e e m  s imple ,  the pa t te rn  of the s t r e s s e d  s ta te  is complex ,  not 
one-d imens iona l ,  and va r i e s  with the exper imenta l  conditions [6-9]. 

A number  of r e su l t s  w e r e  obtained in [9] f r o m  a study of the s t r e s s e d  s ta te  of a s amp le  under  plain s t r a i n  
by invest igat ing the effects  of d imens ions ,  the co r r e l a t i on  of p rope r t i e s ,  and the ro le  of the inse r t s .  

In the p r e sen t  p a p e r  we p r e s en t  a numer ica l  study of the s ta te  of s t r e s s  of tubular  s amples  and cons ider  
ce r t a in  c h a r a c t e r i s t i c  fea tu res  which a r e  in te res t ing  and impor tan t  f r o m  the point of view of understanding the 
s igni f icance  of c o m p r e s s i v e  s t rength.  The calcula t ion was p e r f o r m e d  by the method of finite e lements ,  using 
t r i a n g u l a r - s h a p e d  e lements  [10]. In a c r o s s  sec t ion  of a tubular  s amp le  along a mer id iona l  plane shown in 
Fig. 1, D and d a r e  the outside and inside d i a m e t e r s ,  L is the length of the s amp le ,  and L 1 is the length of the 
inse r t s .  The  d iv is ion into e lements  is shown in the upper  s y m m e t r i c  half  ABFE. The s t r e s s e d  s ta te  is  c h a r -  
ac t e r i zed  by the four  components  of the s t r e s s  t enso r  az ,  a r ,  ~0, and Trz. Since the pa t t e rn  is s y m m e t r i c  
with r e s p e c t  to a q u a r t e r  of the cyl inder  (O0' is the axis of s y m m e t r y  and AB is t h e p l a n e  of s y m m e t r y ) ,  we 
se t  up and solve the p rob l em  for  the reg ion  ABFE. We fo rmula te  the following boundary conditions: 

v = 0 ,  ~ n = O ;  z = L / 2 ,  d l 2 . ~ r < D / 2 ;  

u = O, v = r z = L, d/2 ~ r < D / 2 ;  (1) 

~ z =  O, % = O; r = d/2, DI2, L/2 .~  z < L. 
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